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ABSTRACT
The scaling relations for solar-like oscillations provide a translation of the features of the
stochastic low-degree modes of oscillation in the Sun to predict the features of solar-like
oscillations in other stars with convective outer layers. This prediction is based on their
stellar mass, radius and effective temperature. Over time, the original scaling relations have
been reversed in their use from predicting features of solar-like oscillations to deriving stellar
parameters. Updates to the scaling relations as well as their reference values have been
proposed to accommodate for the different requirements set by the change in their use. In this
review the suggestions for improving the accuracy of the estimates of stellar parameters through
the scaling relations for solar-like oscillations are presented together with a discussion of pros
and cons of different approaches.
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1 INTRODUCTION
With the advent of high resolution spectrographs (e.g. UCLES (Diego et al., 1990), CORALIE
(Queloz et al., 1999), HARPS (Pepe et al., 2000), UVES (Dekker et al., 2000) and SONG (Grundahl et al.,
2007)) and dedicated space-based photometric missions (CoRoT (Michel et al., 1998), Kepler
(Borucki et al., 2009)) the number of stars for which solar-like oscillations have been observed has
increased by several orders of magnitude from the single case of the Sun (Leighton et al., 1962) to
several hundreds to thousands (e.g., Hekker et al., 2009; Chaplin et al., 2011; Yu et al., 2018) over the
last few decades. Solar-like oscillations are stochastically excited by the turbulent convection in stars
(e.g. Goldreich and Keeley, 1977; Goldreich and Kumar, 1988) with convective envelopes, i.e. in stars
with effective temperatures below ∼ 6700 K. Effectively, some of the convective energy is transferred
into energy of global oscillations, which reveal themselves as small amplitude oscillations at the stellar
surface. As essentially all modes are excited the oscillation spectrum generally shows a clear pattern of
overtones, with as a dominant feature the large frequency separation between modes of the same degree
and consecutive radial order ∆ν. The oscillations are centred around a specific frequency (also called
1
S. Hekker Scaling relation review
frequency of maximum oscillation power νmax) with the (small) amplitudes of the oscillations decreasing
away from this specific frequency.
In the 1980’s and early 1990’s, several groups attempted to observe solar-like oscillations in our brightest
neighbouring stars such as Procyon, α Cen A, β Hyi and ǫ Eri (Noyes et al., 1984; Gelly et al., 1986;
Frandsen, 1987; Brown and Gilliland, 1990; Brown et al., 1991; Innis et al., 1991; Pottasch et al., 1992;
Bedford et al., 1993) to name a few. It was also at these times that the scaling relations (or asteroseismic
scaling relations) for solar-like oscillations were first introduced. The main purpose of these relations was
to predict the frequencies and amplitudes of the solar-like oscillations based on the known mass, radius,
surface gravity and effective temperature of the target. This allowed for investigations as to whether the
(null-)detections were genuine or due to limitations of the observations in terms of for instance signal-to-
noise ratio and/or frequency resolution.
An early suggestion for a scaling relation was presented by Brown et al. (1991). This scaling relation
was based on the acoustic cut-off frequency (νac), which is expected to scale as:
νac ∝ gT−
1
2
eff (1)
with g the surface gravity and Teff the effective temperature. The predictions by Brown et al. (1991)
were based on the fact that the acoustic cut-off frequency is about 1.8 times the frequency at which the
oscillation amplitudes in the Sun are largest. From this Brown et al. (1991) predicted the location of the
frequency of maximum oscillation power for Procyon to be around 1.0 mHz.
Kjeldsen and Bedding (1995) presented a dedicated study in which they predicted the amplitude (both
velocity amplitude vosc and luminosity amplitude (δL/L)λ at wavelength λ), frequency of maximum
oscillation power (νmax) and large frequency separation (∆ν) of other stars from scaling to the Sun, based
on a linear adiabatic derivation. Kjeldsen and Bedding (1995) formulated the scaling relations as follows:
vosc =
L/L⊙
M/M⊙
(23.4± 1.4)cm s−1 (2)
(δL/L)λ =
L/L⊙(4.7± 0.3) ppm
(λ/550 nm)(Teff/5777 K)2(M/M⊙)
(3)
∆ν0 = (M/M⊙)
1
2 (R/R⊙)
−
3
2∆ν⊙ (4)
νmax =
M/M⊙
(R/R⊙)2
√
Teff/5777 K
νmax,⊙ (5)
with ∆ν0 the value of ∆ν for radial (degree = 0) modes, L luminosity, M mass and R radius. The ⊙
symbol indicates solar values, with ∆ν⊙ = 134.9 µHz and νmax,⊙ = 3.05 mHz. Over the years, several
authors have adopted different solar values based on internal calibrations from the analysis of a solar
oscillation spectrum with the same method as applied to asteroseismic oscillation spectra. An overview of
these values with references is provided in Table 1.
The scaling relations provide decent estimates of the observed oscillations for a large range of stars.
However, with the increase in the accuracy with which solar-like oscillations have been detected for a
range of stars with different masses, metallicities and effective temperatures, the inherent shortcomings
of such relations, i.e. they rely on a homologous stellar structure between the target star and the
reference, have been apparent. Additionally, the use of the scaling relations has reversed from predicting
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Table 1. Overview of observed∆ν⊙ and νmax,⊙ values as adopted in the literature.
∆ν⊙ [µHz] νmax,⊙ [µHz] reference
134.9 3050 Kjeldsen and Bedding (1995)
134.88± 0.04 3120 ± 5 Kallinger et al. (2010a)
134.9 3150 Chaplin et al. (2011)
135.1 ± 0.1 3090 ± 30 Huber et al. (2011)
135.5 3050 Mosser et al. (2013a)
134.9 ± 0.1 3060 ±10 Hekker et al. (2013b) (COR/EACF method)
135.03± 0.07 3140 ±13 Hekker et al. (2013b) (OCT method)
134.88± 0.04 3140 ± 5 Kallinger et al. (2014)
135.4 ± 0.3 3166 ± 6 Themeßl et al. (2018)
oscillation features from known stellar parameters (e.g., Brown et al., 1991; Kjeldsen and Bedding, 1995)
to estimating stellar parameters from the observed oscillations as per Eqs 6 and 7 (Stello et al., 2009b;
Kallinger et al., 2010b, were the first to apply this, to solar-type stars and red-giant stars, respectively).
This changed use of the scaling relations and our desire to obtain always more precise and accurate stellar
parameters changed the accuracy and precision that we aim to reach with the scaling relations.
M
M⊙
≃
(
νmax
νmax,⊙
)3(
∆ν
∆ν⊙
)−4(
Teff
Teff,⊙
)3/2
(6)
R
R⊙
≃
(
νmax
νmax,⊙
)(
∆ν
∆ν⊙
)−2(
Teff
Teff,⊙
)1/2
(7)
The amplitudes of the oscillations are related to the excitation and damping processes of the oscillations,
which are still debated in the literature. Hence, the amplitude scaling relations (Eqs 2 and 3) are not yet
widely used to derive stellar parameters. On the other hand, the ∆ν and νmax scaling relations (Eqs 4
and 5) are now frequently used to determine stellar masses and radii (Eqs 6 and 7) and from these derive
stellar ages. For this reason I focus here on the ∆ν and νmax scaling relations.
2 THE ∆ν AND νMAX SCALING RELATIONS
Here I first discuss the physical relation between stellar parameters and ∆ν and νmax, respectively. I
subsequently present an overview of many of the validity tests and suggestions to adapt the scaling
relations and/or the reference values which aim to improve the accuracy of the derived stellar parameters
in chronological order.
2.1 Relation of ∆ν and νmax with stellar parameters
The ∆ν scaling relation is physically justified as ∆ν is in an asymptotic approximation equal to the
inverse of the sound travel time through the star:
∆ν =
(
2
∫ R
0
dr
cs
)−1
, (8)
with cs the adiabatic sound speed. Kjeldsen and Bedding (1995) showed that with estimates for internal
values of the pressure and the temperature this results in ∆ν ∝
√
M/R3, i.e. that the large frequency
separation is directly proportional to the square root of the mean density of the star.
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The νmax scaling relation has been defined empirically based on homology arguments with another
typical dynamical timescale of the atmosphere, i.e. the acoustic cut-off frequency (νac, see Eq. 1).
Belkacem et al. (2011) aimed to provide a theoretical basis for the scaling between νmax and νac. These
authors indeed confirmed for stars other than the Sun that νmax corresponds to the plateau (depression) of
the damping rates, as was already pointed out for the solar case by Chaplin et al. (2008). This combined
with the suggestion by Balmforth (1992) that the plateau of the damping rate occurs when there is a
resonance between the thermal time scale (τ ) and the modal frequency, Belkacem et al. (2011) derived
the resonance condition to be:
νmax ≃
1
2πτ
. (9)
For a grid of models Belkacem et al. (2011) found a close to linear relation between the thermal frequency
τ−1 and νac with some dispersion related to the dispersion in mass. Hence, they concluded that the
observed relation between νmax and νac is indeed the result of the resonance between νmax and τ
−1, as
well as the relation between τ−1 and νac. Belkacem et al. (2011) took this one step further to express this
in thermodynamic quantities and found:
νmax ∝ 1
τ
∝
(
Γ21
χρΣ
)( M3a
αMLT
)
νac, (10)
withMa the Mach number, i.e. the ratio of the convective rms velocity vconv to sound speed cs, αMLT
the mixing-length parameter, χρ = (∂ lnP/∂ ln ρ)T , Σ = (∂ ln ρ/∂ lnT )µ,P and Γ1 = (∂ lnP/∂ ln ρ)ad
with P , T , ρ and µ the pressure, temperature, density and mean molecular weight respectively. Finally,
Belkacem et al. (2011) stated that although the observed scaling between νmax and νac may not be obvious
at first glance as νmax depends on the dynamical properties of the convective region while νac is a statistical
property of the surface layers, the additional dependence on the Mach number resolves this paradox.
Together the∆ν and νmax scaling relations (Eqs 4 and 5) can be rewritten to provide stellar masses and
radii (Eqs 6 and 7). This path way of deriving stellar masses and radii is now widely in use. Hence, the
∆ν and νmax scaling relations are discussed here together.
2.2 Validity tests & suggested improvements
After some initial general investigations in the validity of the∆ν scaling relation by Stello et al. (2009a),
Bruntt et al. (2010) and Basu et al. (2010), White et al. (2011) were the first to carry out an in depth study
on how accurately the relation in Eq. 11 is followed by models:
ρ ≈
(
∆ν
∆ν⊙
)2
ρ⊙, (11)
with ρ and ρ⊙ the mean density of the star and the Sun, respectively. In their work, White et al. (2011)
computed ∆ν from a linear (Gaussian-weighted) least squares fit to the frequencies of radial modes.
Throughout the paper, I will refer to ∆ν derived in a similar way as ∆νfreq. Using the same approach
White et al. (2011) computed ∆ν⊙ = 135.99 µHz derived from a fit to frequencies of the standard solar
model, model S of Christensen-Dalsgaard et al. (1996).
White et al. (2011) showed that deviations from the scaling relation exist in models and that these are
predominantly a function of effective temperature. For stars with temperatures in the range 4700 K to
6700 K and masses larger than ∼ 1.2 M⊙, these authors suggested a variation of the scaling relation of
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the form:
ρ
ρ⊙
=
(
∆ν
∆ν⊙
)2
(f(Teff))
−2, (12)
where
f(Teff) = −4.29
(
Teff
104 K
)2
+ 4.84
(
Teff
104 K
)
− 0.35. (13)
According to White et al. (2011), metallicity has little effect except for red giants, for which there is a
slight dependence. Furthermore, they noted that their function (Eqs 12 and 13) is based on models and the
so-called surface effect (a frequency-dependent offset between observed and modelled frequencies that
affects ∆ν) is not accounted for. Nevertheless, they recommended Eq. 12 (or Eq. 11) to be used with the
observed value of ∆ν⊙ = 135.0 µHz.
Subsequently, Huber et al. (2012) compared the radii of stars measured from asteroseismic scaling
relations with radii measured from interferometry. They obtained excellent agreement within the
observational uncertainties. They furthermore showed that asteroseismic radii of main-sequence stars are
accurate to ≤4 per cent. At about the same time Silva Aguirre et al. (2012) used the oscillation data and
multi-band photometry to derive stellar parameters in a self-consistent manner coupling asteroseismic
analysis with the Infra Red Flux Method (IRFM). They showed an overall agreement of 4 per cent
with Hipparcos parallaxes, a mean difference in Teff of less than 1 per cent and agreement within 5
per cent for the angular diameters. Despite these encouraging results, Silva Aguirre et al. (2012) warned
for systematics either due to reddening or metallicity, or due to observational uncertainties.
Following Stello et al. (2009a) and Kallinger et al. (2010b), there have been many attempts to use the
scaling relations to determine stellar masses and radii, either directly or from grid-based modelling (e.g.
Gai et al., 2011). In one of these works Miglio et al. (2012) explicitly addressed the fact that stars on the
red-giant branch (RGB) have an internal temperature (hence sound speed) distribution different from that
of stars in the core helium burning phase (CHeB). They found that an CHeB model has a mean ∆ν that
is about 3.3 per cent larger than an RGB model, despite having the same mean density. This difference
is due to the fact that the sound speed in the CHeB model is on average higher (at a given fractional
radius) than that of the RGB model, mostly due to the different temperature profiles. This effect is largest
in the region below the boundary of the helium core in the RGB model, though the near-surface regions
(r/R ≥ 0.9) also contribute about 0.8 per cent. Based on this finding Miglio et al. (2012) suggested that
a relative correction has to be considered when dealing with CHeB stars and RGB stars. This relative
correction is expected to be mass-dependent and to be larger for low-mass stars, which have significantly
different internal structures when ascending the RGB compared to when they are in the CHeB.
Mosser et al. (2013a, see also Mosser (2013); Mosser et al. (2013b)) made an explicit link between the
asymptotic spacing (∆νas, the value of ∆ν as defined in Eq. 8) and the observed spacing (∆νobs), where
∆νobs is defined as the difference in observed frequencies of radial modes. Mosser et al. (2013a) linked
∆νas with∆νobs in the following way:
∆νas = ∆νobs
(
1 +
nmaxαobs
2
)
, (14)
with αobs the curvature and nmax a dimensionless value of νmax defined as nmax = νmax/∆νobs. By taking
into account the curvature, it is possible to correct the observed value of ∆ν and derive its asymptotic
counter part, which leads to more accurate asteroseismic estimates of the stellar mass and radius (see also
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Belkacem et al., 2013). Mosser et al. (2013a) stated that in case the asymptotic values are used (together
with the solar values as listed in Table 1) no correction has to be applied. If the observed values are used,
then corrections up to 7.5 per cent and 2.5 per cent in mass and radius should be applied. Alternatively,
Mosser et al. (2013a) suggested to use in combination with the observed ∆ν and νmax more general
reference values, i.e. ∆νref , instead of the solar reference values. So for stars other than the Sun, they
suggested these new calibrated references to be ∆νref = 138.8 µHz and νmax, ref = 3104 µHz.
In response to the work by Mosser et al. (2013a), Hekker et al. (2013a) investigated whether the
differences between observable oscillation parameters and their asymptotic estimates are indeed
significant. Based on stellar models they found that the extent to which the atmosphere is included in
the model is a key parameter. Considering a larger extension of the atmosphere beyond the photosphere
reduces the difference between the asymptotic and observable values of the large frequency separation.
Hence, Hekker et al. (2013a) cautioned that the corrections proposed by Mosser et al. (2013a) may be
overestimated.
Epstein et al. (2014) tested masses obtained from asteroseismic scaling relations against masses of metal-
poor ([Fe/H] < −1) stars. Based on the fact that the nine stars (6 halo stars and 3 thick disc stars)
in their study can not be younger than 8 Gyr combined with models with a normal (near-primordial)
helium abundance provided a range of theoretically allowed masses of between roughly 0.8 and 0.9 M⊙.
The masses obtained by (uncorrected) scaling relations are overestimated by about 16 per cent. This
overestimate reduced by including corrections to the reference values of the scaling relations from
Kallinger et al. (2010b); White et al. (2011); Mosser et al. (2013a), though they did not mitigate the
problem fully. This prompted Epstein et al. (2014) to call for further investigations into the metallicity
dependence of the∆ν scaling relation and the impact of the νmax scaling relation on mass estimates.
Coelho et al. (2015) performed tests on how well the oscillations of cool main-sequence and subgiant
stars adhere to the relation between νmax and the cut-off frequency for acoustic waves in an isothermal
atmosphere. The results by Coelho et al. (2015) based on a grid-based modelling approach ruled out
departures from the classic νmax scaling relation at the level of ∼1.5 per cent over the full range in Teff
(5600 K < Teff < 6900 K) that they tested for. Coelho et al. (2015) stated that there is some uncertainty
concerning the absolute calibration of the scaling relation, though any variation with Teff is small, resulting
in a limit similar to the ∼1.5 per cent level.
Brogaard et al. (2016) concluded in their ongoing investigations of the asteroseismic scaling relations
in open cluster stars and binaries that they are accurate to within their uncertainties for giant stars. They
stated that this is the case as long as corrections to the reference values of the ∆ν scaling relation are
calculated and applied along the lines of Miglio et al. (2013) whom considered a 5 per cent systematic
uncertainty on the radius determination to account for inaccuracies in the scaling relations. Brogaard et al.
(2016) noted that asteroseismic log g values are extremely consistent with their independent measurements
which implies that the scaling for νmax is reliable.
Sharma et al. (2016) proposed a correction factor f∆ν defined as:
f∆ν =
(
∆ν
∆ν⊙
)(
ρ
ρ⊙
)−0.5
, (15)
with ∆ν⊙ = 135.1 µHz. The value of f∆ν was determined for a grid of models with
−3.0 dex < [Fe/H] < 0.4 dex and 0.8 M⊙ < M < 4.0 M⊙ following the same approach as White et al.
(2011) to derive ∆νfreq for each model in a way to mimic the way ∆ν is measured from data. The
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value of f∆ν was obtained by Sharma et al. (2016) along each stellar track ranging from the zero-age
main sequence until the end of helium-core burning. These results were combined in a grid, for which
they computed the correction factor for each synthetic star through an interpolation and they corrected
∆ν based on this factor. Additionally, Sharma et al. (2016) also applied a correction to the νmax scaling
relation of fνmax = 1.02 to improve the agreement between the models and observations.
Guggenberger et al. (2016) tackled the issue of the dependence of the ∆ν reference on both effective
temperature and [Fe/H] by fitting a Teff - [Fe/H] dependent reference function through a set of models
spanning −1.0 dex < [Fe/H] < 0.5 dex and 0.8 M⊙ < M < 2.0 M⊙. Based on the variations in the
ratio of the value of ∆ν from scaling relations with solar values to values of ∆νfreq obtained from the
differences between radial oscillation modes as a function of Teff in stellar models, this reference function
has the following shape:
∆νref = Ae
λTeff/10
4K(cos(ωTeff/10
4K+ φ)) +B, (16)
with
A = 0.64[Fe/H]+ 1.78 µHz, (17)
λ = −0.55[Fe/H] + 1.23, (18)
ω = 22.12 radK−1, (19)
φ = 0.48[Fe/H]+ 0.12, (20)
B = 0.66[Fe/H]+ 134.92 µHz, (21)
and was calibrated for stars in different evolutionary states including (end of) main-sequence stars,
subgiants and cool red giants down to νmax = 6 µHz. Similar toWhite et al. (2011) this reference function
was developed on models and does not include the surface correction. Nevertheless, Guggenberger et al.
(2016) showed that this reference function allows masses and radii to be recovered through asteroseismic
scaling relations with an accuracy of 5 per cent and 2 per cent, respectively. For this they used
νmax, ref = νmax,⊙ = 3050 µHz.
Gaulme et al. (2016) subsequently tested for 10 red-giant stars the masses and radii obtained from
the asteroseismic scaling relations against masses and radii obtained from the orbital solutions of
spectroscopic eclipsing binaries. These authors found that the asteroseismic scaling relations overestimate
the radii by about 5 per cent on average and the masses by about 15 per cent on average, while using the
∆ν scaling relation where the curvature was included as proposed by Mosser et al. (2013a). Gaulme et al.
(2016) also tested both the original scaling relations (Kjeldsen and Bedding, 1995) as well as other
reference values (Kallinger et al., 2010a; Chaplin et al., 2011; Guggenberger et al., 2016) and corrections
to the scaling relations (Sharma et al., 2016), with similar or worse results. Gaulme et al. (2016) noted
that another culprit in the scaling relations is the effective temperature, i.e., overestimated temperatures
can lead to overestimated values for the scaling law masses and radii. Indeed, when Gaulme et al. (2016)
decreased their effective temperatures by 100 K the asteroseismic masses and radii decreased by 3.1 per
cent and 1.0 per cent, respectively.
Yıldız et al. (2016) investigated the impact of the assumption that the first adiabatic exponent (Γ1) and
mean molecular weight (µ) are assumed to be constant at the stellar surface for the purpose of deriving
the scaling relations. Yıldız et al. (2016) found that depending on the effective temperature, Γ1 changes
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significantly in the near surface layers of solar-like stars. Henceforth, they found that the ratio of the mean
large frequency separation to square root of mean density is a linear function of Γ1. Additionally, they
also included the Γ1 dependence into the νmax scaling relation. The relations to determine stellar mass
and radius as proposed by Yıldız et al. (2016) are as follows:
M
M⊙
=
(νmax/νmax⊙)
3
(∆ν/∆ν⊙)4
(
Teff
Teff⊙
Γ1⊙
Γ1
)3
2 f4∆ν
f3ν
, (22)
R
R⊙
=
(νmax/νmax⊙)
(∆ν/∆ν⊙)2
(
Teff
Teff⊙
Γ1⊙
Γ1
)1
2 f2∆ν
fν
, (23)
with
f∆ν = 0.430
Γ1
Γ1⊙
+ 0.570, (24)
fν = 0.470
Γ1⊙
Γ1
+ 0.530. (25)
Following Yıldız et al. (2016), Viani et al. (2017) examined the νmax scaling relation taking into account
that the first adiabatic exponent (Γ1) and mean molecular weight (µ) are not constant at the stellar surface.
Based on models they found that the largest source of the deviation in the νmax scaling relation is the
neglect of the mean molecular weight (µ) and Γ1 terms when approximating the acoustic cut-off frequency.
Viani et al. (2017) proposed the following relation to be used:
νmax
νmax,⊙
=
(
M
M⊙
)(
R
R⊙
)−2(
Teff
Teff,⊙
)− 1
2
(
µ
µ⊙
)1
2
(
Γ1
Γ1,⊙
)1
2
. (26)
Viani et al. (2017) noted that the deviations in the scaling relations cause systematic errors in estimates of
log g, mass and radius. The errors in log g are however well within errors caused by data uncertainties and
are therefore not a big cause for concern, except at extreme metallicities.
Following on from the Teff - [Fe/H] dependent reference function, Guggenberger et al. (2017) performed
symbolic regression, i.e. they let both the functional form as well as the parameters vary to obtain a best
fit, to mitigate the mass dependence of ∆νref for stars with 5 µHz < νmax < 170 µHz. Essentially, two
functions were presented: one based directly on the ∆ν derived from the models in a way to mimic the
observations and one after applying the reference function of Guggenberger et al. (2016) (see Eq. 16).
These functions take the following from:
∆νref = A1 + A2 ×M +
A3
νmax
+ A4 ×
√
νmax −A5 × νmax − A6 × [Fe/H], (27)
and for the residuals of Eq. 16:
∆νref,residuals = B1 ×M +B2 × νmax +
B3 ×M − B4 × [Fe/H]
νmax
−B5 − B6 ×M × νmax, (28)
where the values of the parameters and units are listed in Table 2. As the mass M is included in these
functions, they have to be applied in an iterative manner. In the range 5 µHz < νmax < 170 µHz the
reference functions Eqs 27 and 28 improve mass and radius determinations by 10 per cent and 5 per cent
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Table 2. Parameters with their units of the functions in Eqs 27 and 28.
A1 124.72 µHz B1 1.88 µHz/M⊙
A2 2.23 µHz/M⊙ B2 0.02 -
A3 17.61 µHz
2 B3 5.14 µHz
2/M⊙
A4 0.73
√
µHz B4 10.90 µHz
2
A5 0.02 - B5 3.69 µHz
A6 0.93 µHz B6 0.01 M
−1
⊙
respectively (compared to using a solar reference). This is true in the limit of ideal data obtained from
canonical stellar models and without including a surface effect. Guggenberger et al. (2017) noted that
Eqs 27, 28 as well as 16 do not have a physical meaning. However, they do represent an empirical fit
optimised to the data obtained from stellar models that include canonical stellar physics.
Serenelli et al. (2017) formulated a calibration factor to account for the surface effects in cases
where ∆ν in stellar models is computed from theoretical frequencies (e.g., Sharma et al., 2016;
Rodrigues et al., 2017). The advantage of relying on∆νfreq computed from theoretical frequencies is that
it captures deviations from the pure scaling relation due to the detailed structure of stellar models (e.g.,
Belkacem et al., 2013). However, the underlying theoretical frequencies are affected by poor modelling
of stellar atmospheres and the neglect of non-adiabatic effects in the outer most layers (Rosenthal et al.,
1999), i.e. the surface effect. Therefore, the ∆νfreq from solar models is about 1 per cent larger than
the observed ∆ν⊙. This difference implies that stellar model grids that rely on ∆νfreq computed from
theoretical frequencies will not be able to reproduce a solar model unless it is rescaled to match∆ν⊙. The
calibration factor fcal to rescale ∆νfreq to ∆ν⊙ suggested by Serenelli et al. (2017) is as follows:
fcal =
∆ν⊙
∆νfreq,SM
, (29)
where SM means solar model. Such a rescale has been applied by Serenelli et al. (2017) to the full grid of
stellar models used to compute stellar parameters.
In a similar approach as Gaulme et al. (2016), Brogaard et al. (2018) and Themeßl et al. (2018) tested
the asteroseismic masses and radii against masses and radii obtained from binary orbits for three
eclipsing binary systems each (one system in overlap). Both studies found that asteroseismic scaling
relations without corrections to the ∆ν scaling relations would overestimate the masses and radii.
However, by including the theoretical correction factors (f∆ν) according to Rodrigues et al. (2017)
1,
Brogaard et al. (2018) reached general agreement between dynamical and asteroseismic mass estimates,
and no indications of systemic differences at the level of precision of the asteroseismic measurements.
In the same vein, Themeßl et al. (2018) proposed an empirical reference value for ∆ν (∆νref,emp) that
is consistent with the corrections by Guggenberger et al. (2016) while also including surface effects as
computed for the same set of stars by Ball et al. (2018). Themeßl et al. (2018) presented the following
value:
∆νref,emp = 130.8± 0.9 µHz, (30)
1 Rodrigues et al. (2017) implemented a similar interpolation scheme in their models as Sharma et al. (2016). They also experimented with the impact of the
period spacing ∆P on the mass and radius determination, though that is beyond the scope of this review.
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with a consistent solar reference for νmax of 3137 ± 45 µHz. Both the studies by Brogaard et al. (2018)
and Themeßl et al. (2018) indicated that this is just a start and that there is a need for a large high-
precision sample of eclipsing spectroscopic binaries (eSB2) covering a range in mass, metallicity and
stellar evolution to further test the masses and radii of solar-like oscillators determined through scaling
relations.
Kallinger et al. (2018) devised non-linear seismic scaling relations based on six known eSB2 systems
selected from Gaulme et al. (2016); Themeßl et al. (2018); Brogaard et al. (2018). By comparing νmax
to gdyn/
√
Teff , where gdyn is the surface gravity derived from the dynamical solution of the red-
giant components in the eSB2 systems, they obtained a reference value for νmax for RGB stars with
20 µHz < νmax < 80 µHz of νmax,ref,RGB = 3245 ± 50 µHz. For a more general approach Kallinger et al.
(2018) fitted
gdyn√
Teff
=
(
νmax
νmax,⊙
)κ
, (31)
in which νmax,⊙ = 3140 ± 5 µHz (Kallinger et al., 2014). Kallinger et al. (2018) found κ = 1.0080 ±
0.0024. For the large frequency separation, Kallinger et al. (2018) found a similar situation. The average
of the six stars provides a reference value ∆νref,RGB of 133.1 ± 1.3 µHz. However they found more
statistical evidence for the function:
∆ν = ∆νref ·
√
ρdyn = ∆ν⊙[1− γ log2(∆ν/∆ν⊙)] ·
√
ρdyn, (32)
with γ = 0.0043 ± 0.0025 when using the average frequency spacing of the three central radial orders
(local ∆ν or ∆νc) and a local solar value ∆νc,⊙ = 134.89 ± 0.04 µHz, or γ = 0.0085 ± 0.0025 when
including a curvature and glitch correction (indicated with ∆νcor) and a corrected solar value ∆νcor,⊙ =
135.08± 0.04 µHz. Kallinger et al. (2018) noted that the latter solution should be preferred over the local
or average value of ∆ν.
Ong and Basu (2019) derived an asymptotic estimator for the large frequency separation that captures
most of the variations in the scaling relation with a single expression and thereby return estimates of ∆ν
that are considerably closer to the observed value than the traditional estimator, without any ambiguity as
to the outer turning point of the relevant integral (see Hekker et al., 2013a). They derived a new expression
for ∆ν by using a more accurate description of the WKB2 expression of the first-order asymptotic theory
of p modes in which a more detailed asymptotic analysis (i.e., not setting terms to zero prematurely before
performing the WKB analysis) was used (Deubner and Gough, 1984). Following a Taylor expansion
Ong and Basu (2019) derived:
∆ν ∼

2 ∫ r2
r1
dr
cs
1√
1− ω2ac
ω2


−1
, (33)
in which ω = 2πν is the angular frequency and ωac the angular acoustic cut-off frequency:
ω2ac =
c2s
4H2
(
1− 2dH
dr
)
, (34)
2 One of the most useful techniques for studying wave-like solutions of ordinary linear differential equations of second order: namely the so-called Liouville-
Green expansion combined with the method of Jeffreys for connecting solutions across turning points. See Gough (2007) for more details.
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withH the density scale height. Ong and Basu (2019) showed that in this prescription the turning points of
the integral emerge naturally from the theoretical formulation and do not suffer any ambiguity independent
of the choice of model atmosphere or modifications to the model metallicity. The only precaution is that
the integral expression (Eq. 33) becomes singular at some point during the main-sequence turn-off, which
is ultimately a consequence of the failure of the WKB regime. Ong and Basu (2019) showed that these
singular points occur during a transition between two extreme regimes of asymptotic behaviour providing
theoretical justification for separately calibrated scaling relations for stars at different evolutionary stages.
Finally, Bellinger (2019) used the Kepler Ages (Silva Aguirre et al., 2015; Davies et al., 2016) and
LEGACY samples (Lund et al., 2017; Silva Aguirre et al., 2017) to investigate the scaling relations for
main-sequence stars. Bellinger (2019) used the masses and radii from the Stellar Parameters in an Instant
(SPI) method (Bellinger et al., 2016) as provided by Bellinger et al. (2019) to provide the following
functions:
M
M⊙
=
(
νmax
νmax,⊙
)0.975 (
∆ν
∆ν⊙
)−1.435(
Teff
Teff,⊙
)1.216
exp ([Fe/H])0.270 , (35)
R
R⊙
=
(
νmax
νmax,⊙
)0.305 (
∆ν
∆ν⊙
)−1.129(
Teff
Teff,⊙
)0.312
exp ([Fe/H])0.100 , (36)
τ
τ⊙
=
(
νmax
νmax,⊙
)−6.556(
∆ν
∆ν⊙
)9.059 (
δν
δν⊙
)−1.292 (
Teff
Teff,⊙
)−4.245
exp ([Fe/H])−0.426 , (37)
with νmax,⊙ = 3090 ± 30 µHz, ∆ν⊙ = 135.1 ± 0.1 µHz (Huber et al., 2011), Teff,⊙ = 5772.0 ± 0.8 K
(Prsˇa et al., 2016); δν is the small frequency separation between modes of degree 0 and 2 with δν⊙ =
8.957 ± 0.059 µHz (based on data from Davies et al., 2014) and τ is age with τ⊙ = 4.569 ± 0.006 Gyr
(Bonanno and Fro¨hlich, 2015). Bellinger (2019) stated that Eqs 35, 36 and 37 yield uncertainties of
0.032 M⊙ (3.3 per cent), 0.011 R⊙ (1.1 per cent) and 0.56 Gyr (12 per cent) for mass, radius and age,
respectively.
3 DISCUSSION
The suggestions to improve the accuracy of the stellar parameters derived from the ∆ν and νmax scaling
relations as presented above focus on different aspects and follow different approaches, which all have
pros and cons. The determination of alternative reference values (Mosser et al., 2013a; Themeßl et al.,
2018) or reference functions (White et al., 2011; Guggenberger et al., 2016, 2017) have the advantage
of direct applicability to observed data without any use of models. The drawback is that the values or
functions may not capture all dispersions in, for instance, mass, metallicity or temperature. Furthermore,
the reference values and functions are derived for a certain parameter space or on stars in a certain
parameter space, and hence, they will be most reliable in that parameter space.
When using models, a correction factor implemented throughout a grid (Sharma et al., 2016;
Rodrigues et al., 2017; Serenelli et al., 2017) or the inclusion of Γ1 and µ (Yıldız et al., 2016; Viani et al.,
2017) will allow to mitigate such dispersions. However, one has to rely on stellar models, and the physics
included in the models. Additionally, the surface effect has to be accounted for in any comparison between
models and observed data (Serenelli et al., 2017).
The approach of altering the shape of the scaling relations by including alternative exponents or non-
linear terms (Kallinger et al., 2018; Bellinger, 2019) provides accurate stellar parameters in the parameter
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ranges they are calibrated for. However the direct relation to the mean density and surface gravity of the
∆ν and νmax scaling relations are lost in this approach (see Section 2).
Depending on the star(s) and observations of these star(s) at hand and the purpose of the stellar
parameters derived using the scaling relations, the exact relation or reference function should be chosen.
Certainly, one also has to be aware that both∆ν and νmax can be measured in different ways, which results
in different values (see e.g., Hekker et al., 2011; Verner et al., 2011; Stello et al., 2017, and references
therein), and that this should be taken into consideration when choosing a specific version of reference
values or scaling relations.
The fact that so much effort has gone into calibrating the scaling relations is testimony to the power of
the ∆ν and νmax scaling relations as both a simple and precise method to determine stellar parameters.
With the many stars with solar-like oscillations now detected with CoROT, Kepler, K2 and TESS, and
Plato in the future, the scaling relations will provide stellar parameters for thousands of stars used in both
Galactic archaeology as well as exoplanet studies, which makes the efforts discussed above worthwhile
and necessary.
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